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Abstract
We obtain the Hamiltonian theory of the Landau–Lifschitz equation with an
easy axis by using a suitable gauge transformation and the standard procedure.
Action–angle variables are found and the canonical equation is given.

PACS numbers: 05.45.Yv, 02.30.Zz, 75.10.Pq

1. Introduction

The equation of a continuous one-dimensional ferromagnet, known as the Landau–Lifschitz
equation (L–L equation for short) [1–3], has attracted much attention in the past decades [4–7].
Formulation of the Hamiltonian formalism of the equation for the isotropic case was given,
but some problems remain open [8].

The exact solutions [9] of the equation for the spin chain with an easy axis were obtained
in 1995 [7] by using the inverse scattering method. Hence it is time now to formulate
its Hamiltonian formalism [10]. Usually, one would follow the following method: after
introducing the Lie–Poisson bracket for the components of a spin variable [1], the Hamiltonian
equation is established and the Hamiltonian can be uniquely represented in the form of an
integral with respect to x [8]. Next, following the standard procedure, the Lie–Poisson bracket
for the two components of the monodromy matrix are derived. The action–angle variables
are then constructed and their Lie–Poisson bracket is determined. Hence the Hamiltonian
function in the form of an integral with respect to the spectral parameter is expressed by taking
into account the time dependence of the angle variable.

The next problem is to find a conserved quantity [11] which has two different integral
representations where the integrations are in x and in the spectral parameter respectively,
and these two integral representations should concide with the two integral forms of the
Hamiltonian.
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The same problem also appears in the case of an isotropic spin chain: it was finally solved
after the equation for isotropic spin chain was shown to be gauge equivalent to the nonlinear
Schrödinger equation [12]. Therefore, Hamiltonians in the form of integrals in the spectral
parameter for these two equations are the same and those in the form of an integral in x are
equivalent on account of gauge equivalence.

In this paper, we will apply this procedure to the L–L equation. However, there does not
exist any equation which is gauge equivalent to the L–L equation with an easy axis playing
the same role as the NLS equation in the case of the L–L equation of the isotropic spin chain.
To solve the problem in the present case a gauge transformation is chosen to rotate the spin
chain with arbitrary direction in spin space to the third axis; the conserved quantities are then
shown to have the desired form of integral in x of the Hamiltonian. Finally, when the discrete
spectrum of the spectral parameter is added, the Hamiltonian formalism is obtained.

The L–L equation is

∂
−→
S

∂t
= −→

S ∧ ∂2
−→
S

∂x2
+

−→
S ∧ J

−→
S (1)

where J = diag(J1, J2, J3), J1 � J2 � J3, and
−→
S is the spin which is a vector with−→

S · −→
S = 1. In the case of an easy axis, i.e. 0 = J1 = J2 < J3 = J .

For the spin chain, we introduce the Lie–Poisson bracket

{Sα(x), Sβ(y)} = −εαβγ Sγ (x)δ(x − y) (2)

where εαβγ is the totally skew-symmetric rank 3 tensor. α, β, γ = 1, 2, 3, and having two
equal indices means we are summing over this index. Using the Lie–Poisson bracket, the
Hamiltonian equation of (1) can be written as

∂
−→
S

∂t
= {H,

−→
S } (3)

where the Hamiltonian H is determined uniquely as

H =
∫ +∞

−∞
dx

( −→
Sx · −→

Sx − J3S
2
3

)
. (4)

The compatibility pairs of the L–L equation are

L = −iuαSασα M = 2i
u1u2u3

uα

Sασα − iuαεαβγ Sβ

∂Sγ

∂x
σα (5)

where uα is the characteristic parameter of the spin chain. In the case of an easy axis,
u1 = u2 = λ, u3 = κ , λ2 − κ2 = ρ2. We can introduce an affine parameter ζ

λ = 1
2 (ζ + ρ2ζ−1) κ = 1

2 (ζ − ρ2ζ−1) (6)

to account for the multivaluedness of λ and κ .

2. The Lie–Poisson brackets of the elements of the monodromy matrix

The tensor product of two monodromy matrices introduced by Zhakharov is {T (ζ ) ⊗
T −1(ζ ′)}il,jm = T (ζ )ij ⊗ T −1(ζ ′)lm, hence,

{T (ζ ) ⊗ T −1(ζ ′)} = −εαβγ

∫
dx

δT (ζ )

δSα(x)
⊗ δT −1(ζ ′)

δSβ(x)
Sγ (x) (7)
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where T (ζ ) is the monodromy matrix. The right-hand side of (7) can be expressed as Jost
functions, i.e.

{T (ζ ) ⊗ T −1(ζ ′)} =
∫

dx�−1(x, ζ )−1(x, ζ ′)R�(x, ζ ′)(x, ζ ) (8)

where

R = S3(u1u
′
2σ1 ⊗ σ2 − u2u

′
1σ2 ⊗ σ1) + S1(u2u

′
3σ2 ⊗ σ3 − u3u

′
2σ3 ⊗ σ2)

+ S2(u3u
′
1σ3 ⊗ σ1 − u1u

′
3σ1 ⊗ σ3).

The integral (8) can be written in closed form if the integrand is an exact derivative. We
try to write the derivative as

∂x(f0�
−1(ζ )�(ζ ′) ⊗ −1(ζ ′)(ζ ) + f3�

−1(ζ )σ3�(ζ ′) ⊗ −1(ζ ′)σ3(ζ)) (9)

where f0 and f3 are to be determined. From the first equation of (5), equation (9) becomes

�−1(x, ζ )−1(x, ζ ′)W�(x, ζ ′)(x, ζ ) (10)

where W = W0 + W3, and W0 and W3 are respectively

W0 = f0i(uα − u′
α)Sα(σα ⊗′ I − I ⊗′ σα)

W3 = f3[iS1(u1 + u′
1)(iσ2 ⊗′ σ3 + σ3 ⊗′ iσ2) + iS2(u2 + u′

2)(iσ1 ⊗′ σ3 + σ3 ⊗′ iσ1)

− iS3(u3 − u′
3)(σ3 ⊗′ I − I ⊗′ σ3)].

In the above equations ⊗′ is another tensor product defined as AimBlj = (A ⊗′ B)il,jm. We
can determine the coefficients f0, f3 by comparing the integrand in (8) with (10). Therefore

f0 = −1

2

ζ ζ ′ + ρ2

ζ − ζ ′ f3 = 1

2
ρ2 (ζ − ζ ′)ζ−1ζ ′−1

1 + ρ2ζ−1ζ ′−1
. (11)

After a lengthy calculation we find that the right-hand side of (8) is the sum of the
following two formulae:

f0




0 −ab̃′ −ã′b̃ 0
−b′a 0 0 b̃a′

−bã′ 0 0 b̃′ã
0 a′b ãb′ 0


 − 1

2
(ζ ′ζ + ρ2)iπδ(ζ − ζ ′)




0 b̃′a′ b̃′ã 0
a′b 0 2|a|2 ab̃′

ãb′ −2|a|2 0 ã′b̃
0 b′a ã′b 0



(12)

and

f3




0 −ab̃′ −ã′b̃ 0
−b′a 0 0 b̃a′

−bã′ 0 0 b̃′ã
0 a′b ãb′ 0




− 1

2
ρ2(ζ − ζ ′)ζ ′−1δ(ζ + ρ2ζ ′−1)




0 b̃′a′ b̃′ã 0
a′b 0 2|a|2 ab̃′

ãb′ −2|a|2 0 ã′b̃
0 b′a ã′b 0


 . (13)

Therefore, from (12) and (13), we obtain the Lie–Poisson bracket between any elements of
the monodromy matrix, as

{a, b′} =
[
−1

2
(ζ ′ζ + ρ2)

(
1

ζ − ζ ′ − iπδ(ζ − ζ ′)
)

+
1

2
ρ2(ζ − ζ ′)ζ ′−1

(
1

ζ + ρ2ζ ′−1
+ iπδ(ζ + ρ2ζ ′−1)

)]
ab′. (14)
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3. The action and angle variables of the continuous spectrum

We will discuss the Hamiltonian which contains the continuous spectral parameter. From the
inverse scattering method, we know that a(ζ ), ã(ζ ) are independent of the time variable t, but
b(ζ ), b̃(ζ ) depend on t. Since M → M0 = iλ2σ3 as |x| → ∞, the inverse scattering method
gives b(t, ζ ) = b(0, ζ ) ei4λ2t .

Therefore, the action variable P(ζ ) must be a function of a(ζ ) and ã(ζ ). Suppose that
the action variable is P(ζ ) = F(|a(ζ )|2), where F is a function to be determined, and the
angle variable is Q(ζ) = arg b(ζ ) = 1

2i ln b(ζ )

b̃(ζ )
. We will determine the form of the function

F such that {P(ζ ),Q(ζ ′)} = −δ(ζ − ζ ′). Firstly, we point out that through a reduction
transformation ζ → −ρ2ζ , we have L(ζ ) = σ3L(−ρ2ζ )σ3, a(ζ ) = a(−ρ2ζ ). Thus, we
discuss the case |ζ | > ρ only because the reduction transformation maps |ζ | > ρ to |ζ | < ρ.
Secondly, from (14) we find {|a|2, b′} = iπ(ζ 2 + ρ2)δ(ζ − ζ ′)|a|2b′. Since

{P(ζ ),Q(ζ ′)} = F ′(|a(ζ )|2)π(ζ 2 + ρ2)δ(ζ − ζ ′)|a(ζ )|2 (15)

we obtain

F ′(|a(ζ )|2)π(ζ 2 + ρ2)|a(ζ )|2 = 1 (16)

hence

P(ζ ) = F(|a(ζ )|2) = 1

π(ζ 2 + ρ2)
ln|a(ζ )|2. (17)

From the Hamiltonian equation of Q(ζ), we obtain Qt(ζ ) = {Q(ζ,H)} = 4λ2. Let Hc be
the Hamiltonian which contains the continuous spectral parameter. Hc is unique and can be
written as

Hc =
∫

|ζ |>ρ

dζ(4λ2)P (ζ ). (18)

We then apply the reduction transformation and see that the Hamiltonian of the L–L equation
with an easy axis which contains the continuous spectral parameter is given by

Hc = 1

π

∫ +∞

−∞
ln|a(ζ )|2 dζ. (19)

4. Conserved quantities

We know that the form of a(ζ ) is independent of the gauge transformation, but the form of
a Jost solution does depend on the gauge transformation. So, when deriving a(ζ ) from a
Jost solution, we should also choose a suitable gauge transformation such that the limiting
behaviour of this Jost solution by taking x → ±∞ and then taking the spectral parameter
|ζ | → ∞ should give the same answer as taking |ζ | → ∞. Therefore, when we succeed
in introducing a gauge transformation to transform the first operator of a compatibility pair
into the asymptotic form −i 1

2ζσ3 + O(1), the conserved quantities are derived, the zeroth one
vanishes and the first one has the desired form of Hamiltonian.

Generally, we start from the first operator of the compatibility pair L = −iuαSασα . We
then introduce a gauge transformation A(x, t). L is transformed to

L′(ζ ) = −AxA
−1 + AL(ζ )A−1. (20)

The gauge transformation rotates the spin chain in an arbitrary direction in the spin space to a
spin in the third axis.
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In spherical coordinates in the spin space, we obtain

S1 = cos θ S2 = sin θ cos ϕ S3 = sin θ sin ϕ. (21)

Then, the gauge transformation is

A(x, t) = e−i 1
2 σ2θ e−i 1

2 σ3ϕ A−1(x, t) = ei 1
2 σ3ϕ ei 1

2 σ2θ . (22)

Hence,

AL(ζ )A−1 = −i
1

2
ζσ3 − i

1

2
ρ2ζ−1

(
S2

1 + S2
2 − S2

3

)
σ3 − i

1

2
ρ2ζ−1

(
0 2 sin θ cos θ

2 sin θ cos θ 0

)

(23)

and

AxA
−1 = −i 1

2σ2θx − i 1
2σ3ϕx eiσ2θ . (24)

The diagonal elements in (24) do not vanish. From (23) we see that the gauge transformation

A transforms
−→
S to the third axis. Now introduce another gauge transformation B defined by

B = e−i 1
2 σ3f A B−1 = A−1 ei 1

2 σ3f . (25)

Here, the diagonal elements of BxB
−1 are(−i 1

2fx − i 1
2ϕx cos θ

)
σ3 (26)

which will vanish by choosing appropriately f . Although the explicit form of f is not known,
its existence is evident. Hence, we suppose that the diagonal elements of BxB

−1 are 0, and

BxB
−1 = U =

(
0 u

−ū 0

)
(27)

which satisfies Uσ3 = −σ3U .
Hence, the first operator of the compatibility pair L is transformed into

L′′(ζ ) = −i 1
2ζσ3 + U − i 1

2ζ−1wσ3 − iζ−1U1 (28)

where w = ρ2
(
S2

1 + S2
2 − S2

3

)
, U1 = ( 0 u1

ū1 0

)
and u1 = 2e−if sin θ cos θ .

We will now determine the conserved quantities of (1) through the above transformation.
We consider the first compatibility condition

v1x = −i 1
2 (ζ + ζ−1w)v1 + (u − iζ−1)v2 v2x = i 1

2 (ζ + ζ−1w)v2 − (ū + iζ−1ū1)v1 (29)

where v is ψ(x, ζ ). Eliminating v1, we have

v2xx − ūx + iζ−1ū1x

ū + iζ−1ū1
v2x + i

1

2
(ζ + ζ−1w)

ūx + iζ−1ū1x

ū + iζ−1ū1
v2

+
1

4
(ζ + ζ−1w)2v2 + (u − iζ−1u1)(ū + iζ−1ū1)v2 = 0. (30)

Set v2 = eiζx+g and substitute the value of v2 into (30) to get

gxx + 2iζgx + g2
x −

(
i
1

2
ζ + gx

)
ūx + iζ−1ū1x

ū + iζ−1ū1
+ i

1

2
(ζ + ζ−1w)

ūx + iζ−1ū1x

ū + iζ−1ū1

+
1

2
w +

1

4
ζ−2w2 + (u − iζ−1u1)(ū + iζ−1ū1) = 0. (31)

As |λ| → ∞, gx has the following asymptotic formula:

gx ≡ µ = µ0 + µ1(iζ )−1 + µ2(iζ )−2 + · · · . (32)
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Substitute (32) into (31) and compare the coefficient of powers of ζ−1 to prove that

µ0 = 0 µ1 = −|u|2 − 1
2w. (33)

If we neglect the constant terms, we have

µ1 = −|u|2 − 1
2ρ2(S2

1 + S2
2 − S2

3

) = −|u|2 + ρ2S2
3 = −|u|2 + 1

4J3S
2
3 . (34)

For the transition coefficient a(ζ ), the following asymptotic expansion as |ζ | → ∞,

ln a(ζ ) = −
∫ ∞

∞
dxµ = −

∫ ∞

∞
dx(µ0 + µ1(iζ )−1 + · · ·) (35)

is known. Since a(ζ ) is independent of t, the coefficients of the asymptotic expansion (35) are
conserved quantities Ij , this is ln a(ζ ) = I0 + I1(iζ )−1 + · · · . Therefore,

I0 = 0 I1 =
∫ ∞

∞

(
|u|2 − 1

4
J3S

2
3

)
dx. (36)

Now, we represent |u|2 by the spin chain Sα . Sασα = B−1σ3B follows from (22) and
(25). By differentiating with respect to x, we get

Sαxσα = −B−1BxB
−1σ3B + B−1σ3Bx. (37)

Combine (37) with BxB
−1σ3 = −σ3BxB

−1 to get

SαxσαSβσβ = −2B−1Bx SβσβSαxσα = 2B−1Bx. (38)

In addition to the observation that SβσβSασα = I implies

SαxσαSβxσβ = −4B−1BxB
−1Bx = −4B−1(BxB

−1BxB
−1)B = −4B−1U 2B−1 = −4U 2.

(39)

Since U 2 is directly proportional to the identity matrix, we finally obtain

4|u|2 = −→
Sx · −→

Sx. (40)

Hence, the first conserved quantity is

I1 = 1

4

∫ +∞

−∞

( −→
Sx · −→

Sx − J3S
2
3

)
dx. (41)

We see from (4) that 2I1 is exactly the coordinate representation of the Hamiltonian of the
L–L equation with an easy axis.

Next, we consider the spectral representation of a(ζ ). Firstly, we consider the case that
a(ζ ) has no zeros. We have proved that gx → 0, a(ζ ) → 1 and ln a(ζ ) → 0 as |ζ | → ∞.
Hence, according to the dispersion relation, we have the asymptotic expansion as |ζ | → ∞

ln a(ζ ) = −
∞∑

j=1

1

2iπ

∫ +∞

−∞
dζ ′ ln|a(ζ ′)|2ζ ′j−1ζ−j . (42)

In the same way, the coefficients of ζ−j are conserved quantities. For example

I0 = 0 I1 = 1

2π

∫ +∞

−∞
ln|a(ζ ′)|2 dζ ′. (43)

As for the spectral representation of the Hamiltonian, the same reasoning yields H = 2I1.
Finally, we discuss the case when a(ζ ) has zeros ζn. In view of (14) we know that a(ζ )

has two classes of singularities, ζn and −ρ2ζ−1
n , that originate from f0 and f3, respectively.

In order to satisfy the requirement a(ζ ) → 1, ad should be of the form

ad(ζ ) =
N∏

n=1

(ζ − ζn)
(
ζ + ρ2ζ−1

n

)
(ζ − ζ̄n)

(
ζ + ρ2ζ̄−1

n

) . (44)
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This establishes the asymptotic expansion

ln ad(ζ ) =
N∑

n=1

[
ln

(
1 − ζn

ζ

)
+ ln

(
1 +

ρ2ζ−1
n

ζ

)
− ln

(
1 − ζ̄n

ζ

)
− ln

(
1 +

ρ2ζ̄−1
n

ζ

)]

=
n∑

j=1

N∑
n=1

[
ζ̄ j
n +

(−ρ2ζ̄−1
n

)j − (−ρ2ζ−1
n

)j − ζ j
]
. (45)

Hence, the conserved quantities derived from the discrete spectrum are

I0 = 0 I1 = i
∑ [(

ζ̄n − ρ2ζ̄−1
n

) − (
ζn − ρ2ζ−1

n

)] = −i2
∑

(κn − κ̄n). (46)

5. The action and angle variables of the discrete spectrum

From the data of inverse scattering, the discrete spectrum is related to the zero of a(ζ ) and the
ratio of the Jost function bn = φ(x,ζn)

ψ(x,ζn)
. The former is independent of t and the latter depends

on t as the form bn(t) = bn(0) ei4λ2
nt . Introduce an action variable Pn = F(κn), where F is a

function to be determined, and the angle variable Qn = ln bn = ln|bn| + i arg bn. We obtain
the Lie–Poisson brackets which contain the continuous spectral parameter through a similar
procedure. The answer is, e.g.

{a(ζ ), bn} = −(κκn + ρ2)
ζ

λn

(
1

ζ − ζn

− 1

ζ − ηn

)
abn (47)

where ηn = −ρ2ζ−1
n ; nevertheless, {b(ζ ), bn} = 0, {bn, bm} = 0.

By (44), the left-hand side of (47) is

{ln ac(ζ ), bn} +
N∑

m=1

[
−{ζm, bn}

ζ − ζm

− {ηm, bn}
ζ − ηm

+
{ζ̄m, bn}
ζ − ζ̄m

+
{η̄m, bn}
ζ − η̄m

]
. (48)

We know that the right-hand side of (47) has two classes of one-order singularities originating
from f0, f3 respectively. Moreover (48) has simple pole singularities at ζ = ζm, and ζ = ηm.
Hence,

{ζm, bn} = λmζmbnδmn {ηm, bn} = −λmηmbnδmn. (49)

We determine Pm through {Pm,Qn} = −δmn. Since

{F(κm), ln bn} = F ′(κm)

bn

{κm, bn} = F ′(κm)λ2
mδmn = −δmn (50)

we have

F ′(κm) = − 1

λ2
m

= − 1

κ2
m + ρ2

. (51)

Therefore

Pm = − 1

ρ
arctan

κm

ρ
. (52)
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6. Hamiltonian

From ∂tQn = {H,Qn}, we obtain ∂tQn = 4λ2
n. Thus, the Hamiltonian which contains the

continuous spectral parameter is

H(Pm) = iρ tan ρPm. (53)

From (19), we deduce the Hamiltonian

H = −i4
∑
m

(κm − κ̄m) +
1

π

∫ +∞

−∞
ln|a(ζ )|2 dζ. (54)
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