IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

The Hamiltonian theory of the Landau—Lifschitz equation with an easy axis

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2004 J. Phys. A: Math. Gen. 37 6311
(http://iopscience.iop.org/0305-4470/37/24/009)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.91
The article was downloaded on 02/06/2010 at 18:17

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/37/24
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 37 (2004) 6311-6318 PII: S0305-4470(04)71685-6

The Hamiltonian theory of the Landau-Lifschitz
equation with an easy axis

Jinchun He', Lina Shi’, Hua Chen' and Nianning Huang’

1 School of Mathematics and Statistics, Wuhan University, Wuhan 430072, People’s Republic of
China
2 School of Physics, Wuhan University, Wuhan 430072, People’s Republic of China

E-mail: he_jc@sohu.com and shilinashilina@ 163.com

Received 9 November 2003

Published 2 June 2004

Online at stacks.iop.org/JPhysA/37/6311
doi:10.1088/0305-4470/37/24/009

Abstract

We obtain the Hamiltonian theory of the Landau-Lifschitz equation with an
easy axis by using a suitable gauge transformation and the standard procedure.
Action—angle variables are found and the canonical equation is given.

PACS numbers: 05.45.Yv, 02.30.Zz, 75.10.Pq

1. Introduction

The equation of a continuous one-dimensional ferromagnet, known as the Landau-Lifschitz
equation (L-L equation for short) [1-3], has attracted much attention in the past decades [4—7].
Formulation of the Hamiltonian formalism of the equation for the isotropic case was given,
but some problems remain open [8].

The exact solutions [9] of the equation for the spin chain with an easy axis were obtained
in 1995 [7] by using the inverse scattering method. Hence it is time now to formulate
its Hamiltonian formalism [10]. Usually, one would follow the following method: after
introducing the Lie—Poisson bracket for the components of a spin variable [1], the Hamiltonian
equation is established and the Hamiltonian can be uniquely represented in the form of an
integral with respect to x [8]. Next, following the standard procedure, the Lie—Poisson bracket
for the two components of the monodromy matrix are derived. The action—angle variables
are then constructed and their Lie—Poisson bracket is determined. Hence the Hamiltonian
function in the form of an integral with respect to the spectral parameter is expressed by taking
into account the time dependence of the angle variable.

The next problem is to find a conserved quantity [11] which has two different integral
representations where the integrations are in x and in the spectral parameter respectively,
and these two integral representations should concide with the two integral forms of the
Hamiltonian.
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The same problem also appears in the case of an isotropic spin chain: it was finally solved
after the equation for isotropic spin chain was shown to be gauge equivalent to the nonlinear
Schrodinger equation [12]. Therefore, Hamiltonians in the form of integrals in the spectral
parameter for these two equations are the same and those in the form of an integral in x are
equivalent on account of gauge equivalence.

In this paper, we will apply this procedure to the L-L equation. However, there does not
exist any equation which is gauge equivalent to the L-L equation with an easy axis playing
the same role as the NLS equation in the case of the L-L equation of the isotropic spin chain.
To solve the problem in the present case a gauge transformation is chosen to rotate the spin
chain with arbitrary direction in spin space to the third axis; the conserved quantities are then
shown to have the desired form of integral in x of the Hamiltonian. Finally, when the discrete
spectrum of the spectral parameter is added, the Hamiltonian formalism is obtained.

The L-L equation is

— —
3s = S - -

— =S A + S AJS 1
ot dx2 M

—
where J = diag(Jy, J», 53),J1 < J» < J3, and S is the spin which is a vector with
- -
S - § = 1. Inthe case of an easy axis,i.e. 0=J1 = J, < J3 = J.
For the spin chain, we introduce the Lie—Poisson bracket

{Sut(x)v Sﬂ(y)} = _Eutﬁysy(x)a(x - Y) (2)

where €., is the totally skew-symmetric rank 3 tensor. «, 8, y = 1,2, 3, and having two
equal indices means we are summing over this index. Using the Lie—Poisson bracket, the
Hamiltonian equation of (1) can be written as

95
—
—={H, S 3
o = | } 3)
where the Hamiltonian H is determined uniquely as
o0 - —
H :/ dx( Sc - S — J353). )
The compatibility pairs of the L-L equation are
. LU UU3 . as,
L = —iuy,S,0, M =2i Sa0y — g €qxpy Sp 8—% (5)
Ug X

where u, is the characteristic parameter of the spin chain. In the case of an easy axis,
Uy =uy =z uz =k, \> — k> = p>. We can introduce an affine parameter ¢

A=t +p%h k=1 —-ph (6)

to account for the multivaluedness of A and «.

2. The Lie—Poisson brackets of the elements of the monodromy matrix

The tensor product of two monodromy matrices introduced by Zhakharov is {T(¢) ®
T it jm = T(£)ij ® T~ (&)1, hence,

8T (¢) ® T~
88y (x) BSﬁ(x)

(T@ @ T () = —eupy / dx S, (x) )
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where T'(¢) is the monodromy matrix. The right-hand side of (7) can be expressed as Jost
functions, i.e.

{T@)@T ')}y = /dx\rl(x,mrl(x,;’)R\If(x,c’)mx,o (8)
where
R = S3(uuh01 @ 0y — usutyor ® 01) + S1(uru’y0n ® 03 — Uu3us03 ® 07)

+ S, (usuyo3 @ o1 — u U301 @ 03).

The integral (8) can be written in closed form if the integrand is an exact derivative. We
try to write the derivative as

A (fo¥ OV @ PP + LY (Do V(E) © T No3P(4)) )
where fy and f3 are to be determined. From the first equation of (5), equation (9) becomes
U, OO (x, YWY (x, )P (x, €) (10)

where W = Wy + W3, and W, and W3 are respectively

Wo = foi(tg — uy)Se(00 @ 1 — 1 ® 0y)

W3 = f3iSi(uy +u})(io2 ® 03 + 03 ® i02) +iS2(ua + u5) (o) ® 03 + 03 ® i01)
—iS3(uz —u3)(03 Q' 1 — I ® 03)].

In the above equations ®’ is another tensor product defined as A;, B;; = (A ®' B)i; jm. We
can determine the coefficients f, f3 by comparing the integrand in (8) with (10). Therefore
’ 2 N e—1sr—1
R e an
¢—=¢ 20 1+p% 't
After a lengthy calculation we find that the right-hand side of (8) is the sum of the
following two formulae:

0 —ab -ab 0 0 ba ba 0

- ba’ ! ! 2 7/
fo —IIZ;’ 8 8 gi —§(§/§+p2)in8(;—g’) Z:{ —2(|)a|2 2|g| Zfb;}

0 db ab 0 A

(12)

and

0 —abl —-ab O

—ba 0 0 ba
f3 —ba’ 0 0 l~?/~

0 Dba ba 0
a'b 0 2lal> ab
ab’  —2lal? 0 a'b

0 ba a'b 0
Therefore, from (12) and (13), we obtain the Lie—Poisson bracket between any elements of
the monodromy matrix, as

b/_ 1 /+2

1
- Epz(z =8+ p*h (13)

i - ;’))
1 N s/ — . — ’
+ EPZ(C - (W +imd(¢ +p°C 1)):| ab'. (14)
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3. The action and angle variables of the continuous spectrum

We will discuss the Hamiltonian which contains the continuous spectral parameter. From the
inverse scattering method, we know that a(¢), a(¢) are independent of the time variable ¢, but
b(2), l~7(§‘) depend on ¢. Since M — M, = ir203 as x| — oo, the inverse scattering method
gives b(r, £) = b(0, {) e,
Therefore, the action variable P () must be a function of a(¢) and @(¢). Suppose that
the action variable is P(¢) = F(|a(¢)|?), ;(vl}ere F is a function to be determined, and the
¢

angle variable is Q(¢) = argb(¢) = % In 70" We will determine the form of the function

F such that {P(¢), Q(¢")} = —68(¢ —¢’). Firstly, we point out that through a reduction
transformation ¢ — —p2¢, we have L(¢) = o3L(—p2¢)o3, a(¢) = a(—p?¢). Thus, we
discuss the case |{| > p only because the reduction transformation maps || > p to |¢]| < p.
Secondly, from (14) we find {|a|?, b’} = in (¢ + p*)8(¢ — ¢')|a|*b’. Since

{P(0), Q" = F'(la(©) )7 (& + pP)8(¢ — ¢Hla@) (15)
we obtain
F'(la(©)»)m(c? + pH)la@)]* = 1 (16)
hence
_ NS )
P) = F(la(®)]?) = p TR Inja(¢)]?. (17)

From the Hamiltonian equation of Q(¢), we obtain Q,(¢) = {Q(¢, H)} = 4A2. Let H. be
the Hamiltonian which contains the continuous spectral parameter. H, is unique and can be
written as

H, =f d¢(4r?) P(2). (18)
[Z]>p

We then apply the reduction transformation and see that the Hamiltonian of the L-L equation
with an easy axis which contains the continuous spectral parameter is given by

Hc=l/ Inja(¢) de. (19)
T J-0o

4. Conserved quantities

We know that the form of a(¢) is independent of the gauge transformation, but the form of
a Jost solution does depend on the gauge transformation. So, when deriving a(¢) from a
Jost solution, we should also choose a suitable gauge transformation such that the limiting
behaviour of this Jost solution by taking x — 0o and then taking the spectral parameter
|| — oo should give the same answer as taking |{| — oo. Therefore, when we succeed
in introducing a gauge transformation to transform the first operator of a compatibility pair
into the asymptotic form —i% ¢o3+ O(1), the conserved quantities are derived, the zeroth one
vanishes and the first one has the desired form of Hamiltonian.

Generally, we start from the first operator of the compatibility pair L = —iuySy0,. We
then introduce a gauge transformation A(x, t). L is transformed to
L'(¢)=—-A A"+ AL(O)ATL. (20)

The gauge transformation rotates the spin chain in an arbitrary direction in the spin space to a
spin in the third axis.
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In spherical coordinates in the spin space, we obtain

S1 = cos@ S, = sinf cos ¢ S3 = sin6 sin ¢. 21
Then, the gauge transformation is

Ax, 1) = e 12920 g-izosy A (x, 1) = 1293 gi220 22)
Hence,
AL@A™ = ~istoy— iz (54 83— oy — iz 0% (2 . 281“%“’”)

(23)

and

AAT = —ik0n0, —itosp, €. (24)

The diagonal elements in (24) do not vanish. From (23) we see that the gauge transformation
e

A transforms S to the third axis. Now introduce another gauge transformation B defined by
B=e 2%/ A B~ = A~lelz/ (25)
Here, the diagonal elements of B, B~ are
(—i%fx — i%(px cos 9)03 (26)

which will vanish by choosing appropriately f. Although the explicit form of f is not known,
its existence is evident. Hence, we suppose that the diagonal elements of B, B~' are 0, and

0
BB '=U= ( ] “) 27)
—ii 0
which satisfies Uo; = —o3U.
Hence, the first operator of the compatibility pair L is transformed into
L") =—iitos+ U —it¢'wos —ic™'U, (28)

where w = p*(S +S; — 83), Uy = (1201 o) anduy = 2e7'/ sin 6 cos 6.
We will now determine the conserved quantities of (1) through the above transformation.
We consider the first compatibility condition

vie = =iz + ¢ wyv + @ — it N, voe = 3¢+ wvy — @+i¢ Ay (29)
where v is ¥ (x, ¢). Eliminating v, we have

iy +i0 i iy +i0 i,

Uxx — V2

1 1
x+ - + _ . _
i+ @ +ew) i+ic-a,

1
+ Z(g + 7' w) v+ (w— i tuy) (@ + i i) v, = 0. (30)
Set v, = ei¢**8 and substitute the value of v, into (30) to get

iy +i i,
& | ————

i+ic i

125 " 2 1 n +1( + —1 )ﬁx+i§71ﬁ1x

1 — |1z 1= w)————

8xx +210 8y + 8, 56 H&+e A+ic-'a,

1 l 2.2 e PP P

+2w+4§ w + (u—1¢  uy)(@+ic i) = 0. 3

As |A| = o0, g, has the following asymptotic formula:

o= =po+ w10+ pa(ie) 2. (32)
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Substitute (32) into (31) and compare the coefficient of powers of ¢ ! to prove that

o=0  pi=—lul’-jw. (33)
If we neglect the constant terms, we have

= —lul> = 1p*(ST+S; — 83) = —[ul* + p°S; = —[ul* + 1155 (34)

For the transition coefficient a(¢), the following asymptotic expansion as || — oo,
[o.¢] oo
Ina(¢) = —f dxp = —/ dx(po + p1(i6) ™ +-) (35)
o0 o0
is known. Since a(¢) is independent of 7, the coefficients of the asymptotic expansion (35) are
conserved quantities /;, thisis Ina(¢) = Ip + I, (i¢)~' +- - . Therefore,
= 2 1w
Ip=0 I = lul” — ZJ3S3 dx. (36)

Now, we represent lu|? by the spin chain S,. S,0, = B~ '03B follows from (22) and
(25). By differentiating with respect to x, we get

Syr0q = =B 'B,B"'03B + B~'03B,. (37)
Combine (37) with ByB~'03 = —03B, B~ to get

Sux04Sgos = —2B~' B, Sp0sSur0y = 2B B,. (38)
In addition to the observation that SgogS,0, = I implies
Sux04Spr0p = —4B'B.B™'B, = —4B"'(B,B~'B,B~")B = —-4B"'U*B™' = —4U".

(39)
Since U? is directly proportional to the identity matrix, we finally obtain
, = =

4lul = Sy - S,. (40)

Hence, the first conserved quantity is
1 [ - — )
I, = Z,/ (Sx - S — J3S3)dx. 41

We see from (4) that 27, is exactly the coordinate representation of the Hamiltonian of the
L-L equation with an easy axis.

Next, we consider the spectral representation of a(¢). Firstly, we consider the case that
a(¢) has no zeros. We have proved that g, — 0,a(¢) — 1 and Ina(¢) — 0 as |[¢| — oo.
Hence, according to the dispersion relation, we have the asymptotic expansion as || — o0

o0 1 +00 ) )
na@) ==Y 5 [ e mla) e e “2)
= 2im J_o
In the same way, the coefficients of ¢~/ are conserved quantities. For example
1 +00 , ,
Iy=0 I = —f Inja(¢")[* d¢’. (43)
27 J_so

As for the spectral representation of the Hamiltonian, the same reasoning yields H = 21;.
Finally, we discuss the case when a(¢) has zeros ¢&,. In view of (14) we know that a(¢)
has two classes of singularities, ¢, and —p?¢,"!, that originate from fy and f;3, respectively.
In order to satisfy the requirement a({) — 1, a; should be of the form
N

& —a(¢+p%¢")
) = | | = L, (44)
R Y
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This establishes the asymptotic expansion

N 2,1 p 251
1 =S (1= )+m(1+ ST (S TUR [ B DAL
nae) =2, [n< ¢)" ¢ A A ¢
=S 38+ (0% - (=021 - &) (45)
j=1 n=1

Hence, the conserved quantities derived from the discrete spectrum are

Ih=0 =iy [(La—07") = (G —p"¢ )] =—12) (6 — ). (46)

5. The action and angle variables of the discrete spectrum

From the data of inverse scattering, the discrete spectrum is related to the zero of a(¢) and the

ratio of the Jost function b, = % The former is independent of 7 and the latter depends

on t as the form b, (t) = b, (0) %11 Introduce an action variable P, = F(k,), where F is a
function to be determined, and the angle variable Q, = Inb, = In|b,| +iargb,. We obtain
the Lie—Poisson brackets which contain the continuous spectral parameter through a similar
procedure. The answer is, e.g.

1 1
{a(), b} = —(kxy +p2)ki (,; S e )abn (47)

where 1, = —p?¢,”"; nevertheless, {b(¢), b,} = 0, {b,, b} = 0.
By (44), the left-hand side of (47) is

. _ i
e+ 3 [_ {;:,,_, lzn} B {;m_, 1;,1} . {;m_, 12,,} N {Cnm_, i}} S

m=1

We know that the right-hand side of (47) has two classes of one-order singularities originating
from fy, f3 respectively. Moreover (48) has simple pole singularities at ¢ = ¢,,, and { = 1,,.
Hence,

{é‘m’ bn} = )‘mé‘mbnamn {nWL’ bn} = _)\mnmbnamn' (49)

We determine P,, through {P,,, O,} = —8,,,. Since

F/ m
{F(Km)v lnbn} = (K ){Kmv bn} = F/(Km))wznamn = _8mn (50)
we have
, 1 1
Therefore
1 Km
P, = —— arctan —. (52)

o o
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6. Hamiltonian

From 0,0, = {H, Q,}, we obtain 9,0, = 4)»3. Thus, the Hamiltonian which contains the
continuous spectral parameter is

H(P,) =iptanpP,,. (53)

From (19), we deduce the Hamiltonian

H=—i4) (in — &n) + % / o<>1n|a(;)|201§. (54)

m 0
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